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ABSTPACT

. This paper defines and interprets quantitative neasures by
whi ch we may characterise the absolute and relative performance of a
paral | el computation, conpared with an equivalent serial
conput ati on. The absol ute perfornmance neasures are the Parallelism
Index, PI(P), the Utilization, UWP), and the maxi mum Quality, d .
The corresponding relative performance nmeasures are the Speedup,
S(p,1), the Efficiency, E(P,1), and the Quality, 0(P,1). We sShow
how the correspondi ng  absol ute and relative performance neasures are
related via the Redundancy neasure, R(P,1). We also examine the
range of permissible values for each performance neasure.

Ideally, we would like to conpare an optimal parallel
computation With an optimal equivalent serial computation, in order
to determne the performance inprovenments due solely to parallel
versus serial processing. Toward this end, we define optinal
arallel and serial conputations, and show how such optimality may

e approximated in practice.

In order to facilitate the calculation of the above
performance neasures, we show how the conplexity of nndclllntg an
arbitrary parallel conputation nay be reduced substantially fo two
simple canonical forms, which we ‘denote the conputation's
Parallelism Profile and TOP-form

Finally. we show how all the canonical forms and perfornmance
measures may be generalised fromone conputation to a set of
conputations, to arrive at aggregate canonical and perfornmance
descriptions.

The work. herein was supported in part by the Ballistic Mssile
Def ense Systens Command under contract no. DASG60-77-C-0073.
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1. INTRODUCTION

The purpose of this paper is to characterise the performance
potential of parallel conputations. W are interested, for exanple,
in the speed inprovenents obtained by a single conputation or a set
of conputations when the operations in the conputation/s my be
executed in parallel. By not limting the maxi num nunber of
operations which may be executed sinmultaneously in any step of a
conputation, we hope to obtain the mninmum execution-tine possible
for the conputation by fully exploiting its inherent parallelism.

It is intuitively clear that some types of conputations will have
nmore inherent parallelism than others. Hence , even if the same
total number of operations are executed, some conputations will have
a smaller execution-tine, since nore operations may be executed
sinul taneously. O course the mninum possible execution-tinme of
any conputation with at |east one operation to be perforned, is one
step, Or one tine-unit. Rut this is almost never attained in
practice due to data and control dependencies in the program, Which
force a sequential. chain of execution for the dependent operations.
in general. there may be many separate dependency chains running
through the program  Since operations in different dependency
chains may be executed in parallel. the mininmmparallel execution
time, in steps, is really the maxi mum nunber of dependency levels in
any of the dependency chains of the program  This nininum parallel
execution-tine, which we denote T_. in this paper, in turn gives

min
rise to the maxi mumspeedup of the conputation

There are nany reasons why one nmay be interested in the
unconstrai ned performance potential of parallel. conputations. (Qur
main notivation stems from the desire to characterize the
performance improvements attai nabl e by parallel processor

organisations conpared w th uni processor, or serial, organi sations.
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By a parallel processor organisation, we mean a conputer

organi sation with p > 1 processors, which behave identically, each
being able to execute one of nmany operations in one tine-unit

Hence, the processors need not be exactly identical, but they appear
to be identical because they can each execute the sane repetoire of
operations in the same amount of time. At any tinme-unit, or step of
the execution of a conputation, any nunber fromone to p of the
processors may be busy executing an operation each. For our
purposes, the parallel processor organisation nmay be assuned to be
synchronous. This means that the p parallel processors execute in

| ock-step fashion. so that the instructions in step (i+1) of the
conputation are not started until all those in step (i) are

conpl eted, each step taking one tine-unit for execution

Flynn[FLY72] has cl assified parallel processor organisations
‘into two types: SIMD (Single Instruction Miltiple Data)
organi sations, and MIMD (Multiple Instruction Multiple Data)
organi sations. |n SIMD organi sations, also known as array
processors, a single type of instruction is carried out by some or
all of the processors in parallel, but on different pairs of
oper ands. In MIMD organisations, many different types of
instructions may be carried out simultaneously by different parallel
processors. It is clear that SIMD organisations are just a specia
class of restricted MM organisations, and the speed. inprovenents
obtai ned for MIMD organisations will be an upper bound for those
obt ai nabl e in STMD organi sations. The canonical forms and
performance neasures described in this paper apply equally well to
the characterisation of parallel conmputations witten for SIMD or
MIMD organi sations, since they are independent of the type or types
of operations perfornmed in any step.

Intuitively, it is clear that a parallel processor
organisation with p parallel processors will not, in general, attain
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a speed inprovement of p times that of a uniprocessor system This
i s because the conputation being executed usually cannot utilize all
p parallel processors at every step of execution. This points out a
fundanental difference between the speed inprovenents obtained via
t echnol ogi cal inprovenents and those obtained via conputer
organisational techni ques. Technol ogical speed inprovenents are
quite independent of the conputation being executed, since they
merely serve to decrease the clock. cycle tinme. On the other hand,
conmput er organi sational techniques are very nuch dependent on the
demands of the conputation being executed. Hence, it is not very
illumnating to tal k about the maxi num speed, poperations per
tinme-unit, of a parallel processor organisation, especially if this
is hardly ever obtai.ned. or even approached, in practice. Rather,
we need to characterize the average speed of a parallel processor
organi sation with respect to a single conputation, or a set of
representative conmputations. In other words, the performance of a
paral | el processor organisation is constrained not only by the
"physical parallelism avail able in the formof parallel processors,
but a! so by the "logical parallelisnt inherent in the conputations
which are executed on it. Hence, before we can characterize the
true nmerits of parallel processor organisations, we nust |earn how
to effectively characterise parallel conputations (section 2) and
their performance with respect to different criteria (sections 3 -
7).

On the other hand, the unconstrained performance potential of
parall el conputations describe the performance potential of a
“virtual” parallel processor organisation, where there are always as
many physical processors as needed in any step of the conputations
execut ed. In practice, this performance potential is further
constrained by the actual nunber of processors available in the
conput er organisation, on the type of paralle! processor
organi sation (like SIMD or MIMD), and on the delays caused by the
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interactions between processors, nmenories and input-output devices
Again, we observe that there are both |ogical and physical
constraints on the performance attainable by parallel processing
the former caused by the dependencies in conmputations which Limt
their inherent parallelism and the |ater caused by the limitations
of the physical resources and their interactions in the hardware
organi sation itself. Tn this paper, we wish to characterise the

| ogical constraints, which are in a sense intrinsic constraints on
parallelism, since they are intrinsic to the set of problens to be

sol ved on the conputer organisation.



2. CANONI CAL FORMS OF PARALLEL COMPUTATIONS

The main difference between ordinary serial conputations and
parallel computations is that in the former, only one operation nay
be executed at any one time, whereas in the latter, nmore than one
operation may be executed simultaneously. The class of parallel
conputations that we are interested in has the same "conputationa
power" as the class of all serial conputations, i.e., any problem
solvable by a parallel conputation nust also be solvable by a seria
conmputation, though not necessarily in the same way or in the sane
amount of time. Hence, since the functions conputable by the class
of all serial progranms are precisely the Turing-conmputable functions
'THOP69,MAN 741, these are also all the functions computable by our
class of parallel conputations. In short, the primary notivation in
this paper for going from serial to paralle! conputations is not for
increased conputational power, but rather for the engineering
consi deration of increased speed of execution

In this section, we want to find suitable representations for
parall el conputations, which satisfy the follow ng requirenments
(1) Any parallel conputation nmust be reducible into this
representation, by the application of a canon, or genera
rule. (The representation nust be a canonical form)
(2) The representation nust clearly exhibit the parallelismin
the conputation, and/or facilitate the cal culation of the

desired performance neasures.

Before reducing parallel conputations into such suitable
canoni cal forms, we should first define exactly what we nmean by a

parall el conputation

A parallel conputation is a sequence of steps, where stk
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has i operations which may be performed simultaneously. . is called
the degree of parallelismof step k. The maxi num degree of
parallelismin any step is denoted P, also called the |ogical
parallelism inherent in the conputation

Assum ng that each step takes one time-unit for execution, the
execution-tine, T(P), is defined as the total nunber of steps
encountered in executing the conputation. The size, 0(P), of the
computation, is defined as the total number of operations perforned
in all the steps encountered during execution. The size QP) is
also called the length of the conputation, especially when P=l.

It is clear that serial conputations are merely a restricted
subset of parallel conputations, where the logical parallelism,P, i S
al ways equal to one. A graphic illustration of a parallel
conputation is given in Figure 1. FEach unit-square in the
processor--time space is called a "processor-step”, since it involves
one processor for a tine-duration of one step. Processor-step (i,i)
is said to be "busy" if processor i is required to execute an
operation in step j, and "free" otherwise. The parallel computation
is then the area covered by the busy processor-steps.

PARALLELTISM PROFI LE

——— e s e ot Yo o e Y -

Since we are primarily interested in the speed of the parallel
comput ati on, we make the follow ng observations which enable us to
simplify the representation of any parallel. conputation

(1) The type of operation is not re'evant, if all. operations
can be completed in one step, or one tine-unit. Ntat is
rel evant is the NUMBER of operations in each step. Hence,
we can represent all operations by a single synbol, say an "x".
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(2) It is not relevant which particular processors are used
in a step, just the NUMBER of processors used in the step
Hence, we can nove =211 operations as far left as possible,
and redefine a "busy" processor-step (i,j) to be ore where
step j has a degree ofparallelismgreater than or equal to i.
(3)The particularorder of the steps is ntrelevant. Whatis
relevant is the NUVBER of steps with any given degree of
parallelism Hence we can permute the steps so that they
are arranged in increasing (or decreasing) order of their
degrees of parallelism.
Figure 2 shows the graphic representation of the parallel
computation of Figure 1, after the reductions outlined in(1l)and
(2) above. Figure » shows thefinal graphic representation after

reduction (2 is applied.

We observe that the relevant aspectsof the conputation left
after reductions (1) through (3) may be summarised as "the frequency
distribution of the degrees of parallelism In the conputation"*

Definition 22

The Parallelism Profile of a conputation is a canonical form
representing the frequency distribution of the degrees of
parallelismin teconputation, or the nunber of steps having degree

of parallelism i, for ! < i < P.

It may be gvenin the format-

X X X. X
BRI I T S SRS i 2

where i is the degree of parallelism and

x; fsthe nunber of steps with degree of parallelism j.
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We note that the frequency distribution of the degrees of
parallelismin a conputation may also be given in the fornat of a
P-tuple:

(XI’XZ""‘Xi""’XP)
where xi is the number of steps whose degree of paralielism
is i.

We will usually use the format of Definition 2.2 for the
Parallelism Profile of a conputation, since unlike the P-tuple
format, we can see at a glance which frequency xi corresponds to
whi ch degree of parallelism, i. |n addition, if frequency xifor
degree of parazlleism i iS zero, we nay onit the termiXj since
symbolically i O=1 and a.1.b = a.b. This results in a nore conpact
representation than the P-tuple format, especially when there are
many zero frequencies.

_TOP- FORM

Very often. we do not need =211 the information given by the
Parallelism Profile. W often do not need to know the exact
frequency distribution of the parallel conputation. Hence, we have

an even sinpler canonical formfor parallel conmputations*

Definition 2.3

The TOP-formof a conputation is a 3-tuple:
(T,0,P),
where T is the execution time in steps,
0 is the size of the conputation in operations, and
P is the maxi num degree of parallelism
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W note that the TOP-form can be derived from the Parallelism

Profile but not vice-versa. In particular,
T= X,
I< i< P i
O= E i xi
1< i< P -

and P is the largest degree of parallelismwth nonzero
frequency.

Pence, by successively reducing the amunt of pertinent
information kept, we can reduce every conputation first to its
Parallelism Profile and then to its TOP-form

Exanple 2.1:

- —— ——————— s -

In the example given in figure 1, the ParallelismProfile is:
12,22, 31,44, 82
Fromthis we can calculate:

T = 342414442 = 12 steps
0 = 1.342.243.14+4.4+8.2 = 42 operations
P =8
so the TOP-formis
(12,42,8).

VW remark that the TOP-form of a serial computation where P=1
is always of the form
(x,x,1),
where X is a positive integer. Because of this, it is not
surprising that the terns “execution-tine" and "size" or "length"

are sonetines used interchangeably for serial conputations, since
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they always have the same value. Tn fact, finding the TOP-form of a
serial conputation reduces to finding its length, ), since it
will al ways be true that T(1)=0(l) and P=],

The TOP-form of a parallel. conputation where P>1 is of the
form
(x,y,2),
where x,y,z are positive integers, and x is never equal toy
when z>1. The possible ranges for each of x,y and z are given in
the following t heorem

< o-p+l
fii) p+t-1 < o< p.t

(iii) o/t < P < o-t+l

(i) The shortest execution-tine occurs when the conputation is
fully parallel,i.e., each step has the maxi num degree of
parallelism p. Then the execution-tine is juslyg/éisteps. Clearly,

;.o/pgz o/p.

The |ongest execution-tinme occurs when each step has degree of
parallelism = 1., Rut there can be at mpst (o-p) such steps, since
at least one step nust have degree of parallelismp, by the

10
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definition of the TOP-form Hence, t < o-p+l.

(ii) and (iii) follow directly from(i).

We state the following corollary, which will he used in the

proofs given in subsequent sections:

Corol lary 2.2:

Fromtheorem2.1¢(i), 0(P)/P < T(P) < 0(P)-P+1
So, for P=1, 0(1)/1 < T(1) < C(1)-1+1
hence, T(1)=0¢(1).
for P> 2, T(P) < 0(P)-2+41 = 0(P)-1
hence, T(P) < QP).

11
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3. PARALLELI SM | NDEX AND UTI LI ZATI ON

The last conponent of the TOP-form of a parallel conputation
gives us the nmaxi num degree of parallelism P of the conputation.
This is useful since it tells us how nmany parallel processors would
be needed to execute this parallel conputation as given. However ,
t he maxi mum degree of parallelismis not as good an indicator of the
parallelism inherent in a conputation as the average degree of

paral | el i sm per step.

Exanple 3.1:

Suppose we have two conputations, A and B, each with 10 steps.
Suppose A has 9 steps with degree of parallelism1 and one step with
degree of parallelism 16. Suppose B has all 10 steps having degree
of parallelism 12. This can be represented concisely by the

Parallelism Profiles of A and B:

A 1%, 16!

B 1210

If we knew only the maximum degree of parallelismof A and B,
we mght say that A has nore inherent parallelismthan B. But this
does not agree with our intuitive understanding of "inherent
parallelisnm', which is better described as a kind of overall, or
average, degree of parallelism. |In fact, the average degree of
parallelismof Ais only 2.5 while that of Bis 12. Hence, B has
nore inherent parallelismthan Ain terns of the average degree of

paral l elism

15
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Definition 3.1:

The Parallelism Index (abbreviated PI or w ) is defined as the
average degree of parallelismper step. It is the ratio of the
total size, QP), of the conputation in operations, over the total
time, T(P), taken for execution in steps

PT = 0(P)

T(P)

The Parallelism Index may be interpreted as the average
processor bandwi dth, in operations per step, of the paralle
conput ati on. The maxi mum processor bandwidth is the maxi num degree

of parallelism, P.

The Parallelism Index may also be interpreted as the average
speed of the conputation, since it neasures the total size (or
l ength) in nunber of operations executed, divided by the total tine
taken. Tf we let dt be one step of the conputation, then the
i nstant aneous speed is interpreted as the degree of parallelismin
each step. The maximum instantaneous speed is the maximum degree of

parallelism P.

Since speed is the magnitude of velocity, it is interesting to
consider the interpretation of negative velocities in the parallel
conput ati on. A negative velocity may be interpreted as the undoing
of operations already executed. For exanmple, if the result of a
conditional branch instruction is true, execution continues al ong
path (a) of the program and if it is false, execution continues
al ong path (b). Suppose we did not want to hold up execution to

16
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wait for the result of the conditional branch instruction, we mght
guess that the result would be true and continue execution along
path (a). If it turned out that the result wes false, then we woul d
have to undo the operations performed along path (a), resulting in a
negative velocity for this duration. Ttis interesting to speculate
on whether certain types of conputations might have a higher average
speed if negative velocities are allowed. This is certainly worth
some future investigation, but for the purposes of this paper, we

may assune that a!!. velocities are positive.

The interpretation of the degree of parallelismin » step as
its instantaneous speed inplies that serial conputations always have
2constant speed of one operation per step. In fact, any
computation with a constant speed of P operations per step, for P >

1, is said to be "fully parallel" at degree P.

Definition 3.2

A conputation is said to be fully parallel at degree P, P > I,
if every step in the conputation has degree of parallelism P. Then,
the average degree of parallelism PI, is equal to the maxinmm

degree of parallelism P,

The interpretation 0f the degree of parallelismin a step as
its instantaneous speed a21so inplies that every parallel conputation
with P> 2 can also be executed as a serial computation by going at
a constant speed of execution of one operation per step. Hence, if
a parallel conputation has a size of Q(P) operations, an equival ent
serial conputation which solves the same problem need never have a
size greater than Q(P) operations

17
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Tf a parallel conputation withTOP-form= (T,0,P) i s executed
on a parallel-processor organisation with P parallel processors,
then the maxi mum nunber of operations which could have been executed
would be P. T operations. However, the actual size of the
conputation executed is only 0, which is less than P.T except when
the conputation is fully parallel. The ratio of the actual size of
the conputation to the maxi mnum possible size describes the
“utilization of the available parallelisnmf by the conputation.

Definition 3.3:
- - = = = = === == a___

The Wilization (abbreviated U} of available parallelismby a
given conputation is the ratio of actual conputation size over the

maxi mum possi bl e conputation size.

U = QP

T

)
—_~
S

The units of UWilization mybe regarded s operations per
processor step, where meprocessor step is the work. done by one
processor in one step. In Figures 1,2 and 3, 2 processor-step is a
unit-square in the processor-tinme graph, and the Utilization is
the ratio of the area covered by the "busy" processor-steps over the
area of the rectangle with sides P and T(P). Hence, if allthe
processors in the system are identical and used withequal frequency
over the tine-duration T(P), then the Uilization may' be regarded as
the probability that any single processor will be busy in any given
step. Pence, we offer the follow ng hypothesis, which will be

examned in detail in a separate paper:

18
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Hypot hesis 3. 1:

Let U be the utilization of a parallel-processor system as in
Definition 3.3. Then the probalility, q,,that i processors wll
be used in any step is a truncated binomal. distribution

The following theorem exani nes the possible ranges of val ues

for PI and U for seria! and parallel conputations.

Theorem 3. 1;

(i) PI(1Yy =U(1)=1, for serial conputations where P=]
(i1) 1 <PI(P) <P, and

/P < UYP) <1, for parallel conputations where P>,
Proof :

W will deal with PI first, then U
Pl* Fromcorollary 2.2,
T(P) <0(P), with equality iff P=1.
So, for P=1, PI(l) = (1) =1
T(1)
and for P>1, PI(P) = 0(P) > !

T(P)

19
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Futhermore, since the nmaxi num possible conputation size
is P.T(P), we have

Pl(®) = 0(p) < P.T(P) =P

T(P) T (P)

U: For P=1, U(l) =P (1) =1 =1
! 1
For P>1, U(P) = Pl (P) > 1,
BT

and U(P) = PI(P) <P =1
P p

- o o —— i > o o e

20



4. SPEEDUP AND EFFI Cl ENCY

The performance neasures, Pl and U of the previous section
may be cal cul ated from know edge of just the TOP-form of a parallel
conput ati on. They give us a good indication of the conputation's
average processor bandwidth and its utilization of available

paral |l elism

Mow, we would like to compare the performance of a parallel
computation with an equivalent serial conputation. This will
indicate the performance inprovenent obtained when the given problem
is executed on a parall el-processor organization rather than on a
uni processor organization. Rut what do we mean when we say that two

conputations are equivalent?

Definition 4.1:

Two computations are said to be equivalent if given the sane
inputs, they always produce the sane final outputs.

This definition of equival ency does not require internediate
results to be the sane. This neans that the wmoconputations are
equi val ent because they produce the sane solution-set for the sanme
problem but they may involve entirely different algorithms wth

entirely different sets of intermediate results.

Unfortunately, there are many equivalent serial conputations
and many equival ent parallel conputations. Tn order to nmake a fair
comparison, if we choose an optinal parallel conputation, then we
shoul d also choose an optinmal equivalent serial conputation. aq
opti mal serial computation iS @ "nininum-size serial conputation",

or one which has the ninimm size, Omin’ among all equivalent

21
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conput ati ons. We note that there may be many different mnimmsize
serial conputations, in terns of the algorithns inplemented and the
operations performed. However, the TOP-form of all these equivalent

m ni mum si ze serial conputations is the sane.

Definition 4.2:

An optimal serial conmputation is a minimum-size Serial
computation with the TOP-form
(T(17),0,5,51)s
where the ninimm size is defined as
Opin £ mMn{o@), P>11

mn
and the mninum serial execution time is
T 4 = ..
T(17) Omln
_VV_ _____________ Vv___

Rut finding the mininum size, or length, of a conputation for
any given problemis a well-known undecidable issue
[MAN 74 ,MIN67,HOP69] However, we can always estimate the

m ni num si ze, 0 in> fromthe sizes of known serial and parallel

conput ati ons.

Definition 4. 3:

- - ——— 1 - -

1f we know only the size, QP), of a parallel conputation, and
the size, (1), of an equivalent serial computation, then we can

estimate the mnimum si ze, Omin’ as follows :

Opin < min {0(1), QP))

22
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Some readers nay be wondering why (1) is not always equal to
0(P). There are two reasons for this. The first is that the given
serial conputation is not an efficient one, and a better serial
conputation may be obtained by just executing the given parallel
conputation at a constant speed of one operation per step, as
di scussed in the previous section. In this case, tegiven Q(P) is

| ess than the given (1), and we approximte Oin with QP).

The second reason why (1) and Q(P) may not be the sameis
because redundant operations are often introduced into a parallel
conputation in order to increase its speed of execution. In this

case, Q(P) is greater than (), and we approximate U With

in
o1).

Sonetinmes, if we are not careful, a 1ot of unnecessary
redundant operations are introduced into the parallel. computation SO
that the parallel execution-time, T(P), is in fact greater than a
known serial execution-time, T(1). Cearly, if we are to choose an
optimal parallel. computation, then we nust allow the introduction of
redundant operations only if this reduces the execution-time when
conpared with lmownserial conmputations. An opt imalparallel
computation is then a "mininumtinme mninmx-parallel conputation”,
defined below. Again, there may be nmany different mninmmtine
minimax-parallel conputations in ternms of the algorithms and
operations performed, but the TOP-formof all these equival ent

optimal parallel computations is the sane.

An optimal parallel computationis a mininumtime
m ni max-parall el conputation with the TOP-form
(Tm.n,O(P Y,P7), for P"> 1,
where the minimax degree of parallelism P, is the smallest
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maxi mum degree of parallelism of any conputation having the mininum

execution-tine, defined as follows:

T .
min’®

Thin < nin {T(P), P> 1)

In particul ar, Tin is less than or equal to the mninum

serial execution-tinme, T(1°), and (P') is greater than or equal to

the m ni nrum si ze. Omin. Hence, we have

Tig< TAD=0_, < 0.

The definition of the mnimmtineg, Tm. , inmplies that

in
sometimes an optinmal parallel conputation is in fact a serial. one

with P’=1. Hence, when the minimax degree of parallelismis one,
the TOP-form of a mininumtinme mnimx-parallel conputation is
identical to that of an equivalent nininumsize serial conputation

(Tpins0(17)517) = (T(17),0 . 17),

wher e 0(1')=Tmin=T(l )=0_. -

For conputations where this is true, there is absolutely no
speed inprovement when executing the conputation on a
paral | el - processor organisation since the conputation cannot utilize
the available parallelism

Just asfinding O is an unsolvable problemin general,

min

finding T and P is also an unsolvable issue[BER66]. Rut

min

again, we can try to estinate Toin and P from known equi val ent

conput ati ons.
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If we know only the execution-time, T(P), of a parallel.
conputation, and the execution-time, T(1), of an equivalent serial
conputation, then we can estinmate the mninum execution-tinme,

T and the minimax degree of parallelism P, as follows:
Tpin < mn {T(1), TP
and P =]|1, if T()< T(P)
P, otherwi se.

min’

Ideally, we would 1ike to mininmize the execution-tine of the
conputation, minimze the total nunber of operations that have to be
performed, and minimze the maxi mum nunber of processors required to
cxecute the conputation. In other words, we would like to mninze
each component of the conputation's TOP-form  The nininumtine
minimax-paralle! conputation would satisfy these criteria except
that its size, 0(P"), may contain redundant operations, and hence be
mn Ve should take this
redundancy into account in deternmining the speed inprovenent of

greater than the nininmm size, 0

paral | el execution over serial execution.

The performance neasures, Pl and U, of the previous section
were defined with respect to the actual conputation size, 0(P).
Hence, they required know edge of only the TOP-form of the parallel
conputation being neasured. W wil ? now define the analogous
performance neasures of Speedup and Efficiency with respect to 0(1),
the size of an equivalent serial conputation. Therefore, in
addition to the TOP-formof the parallel conputation, we also need
to know the serial size, O(1). It is easy to see that the TOP-form
of any serial conputation reduces to just the serial size, C(1),
since T(1)=0(1l) and P=1.
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Definition 4.6:

The Speedup, S, of any given parallel conputation over any
equi val ent serial conputation is defined as:
s(p,1) = T(1) =o0/1)
(P T(P)
If the serial conputation is an equivalent mninmmsize serial
conput ation, then:
S(p,17) = (_)min = T(1")
(P T(P)
In addition, if the parallel conputation is a mnimmtine

m ni max-paral | el conputation, then:

The definition of Speedup as a di nensionless ratio of
execution-times is simlar to definitions of speedup found in the
l'iterature [KUC73,KUC76,KUC78,LEE76,TOW761. However, the definition
of Speedup in terms of operations per step is very useful since it
enables us to relate it directly to the definition of the
Paral l el i smlndex of any parallel conputation. This enables us to
interpret the speedup, S(P,17), as the average effective processor
bandw dt h, whereas the Parallelism Index is the average actual
processor bandwi dth, and the logical parallelismP is the maxi num
processor bandwi dt h.

Simlarly, we can also interpret the Speedup,S(P,1°), as the
average effective speed of the parallel conputation, whereas the
Parallelism Index is the average actual speed, and the [ ogical
parallelism P is the maxi num (average or instantaneous) speed.
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Theorem 4. 3:

(3 0 <s(,1) <1
() 0 <S(P,17) < PI(P) <P
(¢) 1 < S(P",1") < PI(P") <P’

(a) For any arbitrary equivalent parallel and serial
conput ati ons,
§(P,1) = T(1) > 0, since both T(1Y and T(P)are positive.
T (P)
s(p.1) = 1) < l), since T(P) > 1.
T(P)

(b) For an arbitrary parallel conputation and an equivalent
m ni mum si ze seria! conputation, the |ower bound is unchanged, but

now

S(P,17Y = 0 <0 . .P < P, since 0(P)> 0_.
. = ~ “min

(¢) For 2 mininumtine mninmax-parallel conmputation and an
equi val ent mininumsize serial conputation, the upper bound is the
sane as in (b), except that Pis replaced by the minimax degree of

parallelism P . However, we now have a better |ower bound:
4 1' = ™ ’, H ’,
S(P”,1%) :_(_1__)>_I, since T(1 )3Tmin
Thin

O o 2 o vy o~
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We note that for arbitrary parallel and serial conputati ons,
t he speedup, S(P,1) is not necessarily greater than or equal to one,
since T(P) may in fact be greater than T(l), as in a nonoptimal
paral l el . conputation. Thi s speedup, S(P,1), is also not bound from
above by P, since (1) may be greater than Q(P), as in a nonopti nal
serial program so that:

T(P) 0(P)
is not necessarily less than P.

Next, we define the Efficiency of a parallel conputation,
which is just its utilization of available parallelismw th respect
to the serial conputation size, Q1).

Definition 4. 7:

The Efficiency, F, of any parallel conputation over any
equi val ent serial. conputation is defined as:

E(P,1) = 0(1]) = S(p, I

P. T(P) P
If the given serial conputation is an equival ent mininumsize
serial conputation, then:
E(P,1°) = O_. =S(P, 1"

To addition. if the parallel conputation Is a mninumtine
minimax -parallel COnputation, then*

E(P",17) = Oin =S(P’,1")

—— W S - . - - - . s
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The Efficiency may be interpreted as a neasure of the
"cost-effectiveness" of a para'lel computation. Cost-effectiveness
is generally given as a ratio of "effectiveness", or performance
over "Cost". It is inportant that the "scal es" over which
ef fectiveness and cost are measured are compatible. For example, if
the effectiveness is given as the average performance for any step
then the cost should be nmeasured as the average cost per step. |f
we et the effectiveness be represented hy the Speedup S, which is
the average effective processor bandwidth or the average effective
nunber of operations per step, then a conpatible cost neasure, C,
woul d be a neasure of the average cost per step

Definition 4.8

The Cost-Effectiveness, CE, of a conmputation is defined as
CE=s(,') =S(P,1°) = E(P, 1)
-------- - Mg - S

¢ Pt t

where S(P,1°) is the speedup Wth respect to an optina
eaui val ent serial computation,

P is the maxi mum degree of parallelism or the nunber
of processors required,

t is the average tinme for one step
and C=P.t is the average cost per step.

Hence, if each step takes one tine-unit for execution, as in
definition 2.1, then t=l, and CE reduces to the efficiency, E(P,1%).

The only other serious attenpt to define a similar

cost—effectiveness neasure for a parallel conputation can be found
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in fRKUC741. Kuck defined a Speedup over Cost neasure:
CEpyer = S(P,1) = S(P,1) = E(P,1

c P.T(P)  T(P)

where S(P,1) i s the speedup with respect to any
equi val ent serial conputation,

P is the maxi num degree of paralelism or the nunber
of processors required,

and T(P) is the execution-time of the parallel conputation
in nunber of steps.

Unfortunately, the scales of definition in thenumerator and
denomi nator are not conpatible, so that CEguck IS usually very
much smaller than one, and nost parallel prograns have a
"cost-effectiveness" less than 2 percent. Furthernore, the speedup
is defined with respect to any, not necessarily optimal, equivalent
- serial conputation, so that speedupswoul d appear larger for
choosing nore poorly-constructed serial conputations. These
probl ens have heen ratified in our definition of cost-effectiveness
as given in Definition 4.8, which we feelis nore useful. and nore
accur at e.

The follow ng theorem gives the permssible ranges for the
efficiency with respect to different conbinations of equivalent
serial and parallel conputations.

Theorem 4. 2:

(a) 0 <E(P,1) < 0(1)/P
(b) 0 <E(P,1") < UP) <1
() I/P < E(",1"Y<UMPY<1
The proof of theorem 4.2 is derived by substituting the
correspondi ng values of S, as given in theorem4. 1.
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We note that for arbitrary parallel and serial conputations,
the efficiency need not have an upper bound of 1 since the speedup
may be greater than P (see theorem4.1). as in the case of a
nonopti mal serial program where 0(1)>0(P).

From theorem 3.1 we know that serial. conputations always have
a utilization of one. But, by substituting P=1in theorem4.2 (b),
we see that the efficiency, E(1,17), of a serial conputation
conpared with an equivalent mninmmsize serial. computation, may be
| ess than one.

Fromtheoremé.2(c), we see that » minimum~time
minimax-parallel conputation need not (and usually does not) have an
efficiency of one. Tn the following corollary, we state the
conditions under which the maximum utilization or efficiency of one
is attained.

Corollary 4. 3:

A conputation has a utilization, W(P), of one hff it is fully
parallel. It has an efficiency, E(P,1°), of one iff it is fully
parallel AND has mininum size, i.e., 0 (PY=0p5
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5. REDUNDANCY

W mentioned in the previous section that redundant operations
are often introduced into a parallel conputation to speed up its
execution tine. W would now like to investigate this concept of
redundancy nore thoroughly.

Asa rul e, redundant operations should not be introduced into
3 parallel conputation unless this decreases the parallel execution
time, as conmpared with the minimum known size of known equival ent
serial computations. Although it is beyond the scope of thispaper
to show how and when redundant operations may profitably be
introduced, we can illustrate with a sinple exanple.

Bxample 9.1

The follow ng expression cannot be sped up by parallel
execution if left as it stands:
a+b(c+d*e)

The execution tree for this expression is:

Step Degree of Parallelism
4 1
3 1
2 1
1 1

Her e, T(l) = 0(1) = 4

However, by using the distributive 1aw of multiplication over
addition, we transform the expression to:
a + b*c + b*d*e
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The execution tree is now
Step
+ 3

7 \* )
/
é//;;éxzz*\h\\\e |

Here, T(2) 3< T(1Y, and
0(2)

5>0().

Degree of Parallelism

l
2
2

Vie note that the execution tine has decreased from4 to 3

steps, but the size has increased from4 to 5 operations. Hence,

the second (parallel) conputation is said to have:

a parallelismindex, PI(2) =5/3 = 1.67,

a speedup, S(2,17)Y= 4/2 =
a utilization, U2y = 5/6 =
an efficiency, E(2,17) = 4/6 =
and a redundancy, R(2,17)= 5/4 =

1.32,
0. 83,
0.67,

1.25.

W now give a formal definition ofredundancy:

Definition 5.1

The Redundancy, R of any paralle' conputation over any

equivalent Serial computation i S defined as:

R(P,1) = 0(P)
o

If the given serial conmputation is an equival ent

serial conputation. then:
RP, 10 = Q(P)

0m'n

33

mnitnumsize



REDUNDANCY

In addition, if the parallel conputation is a minimum~time
m ni max-paral | el conputation, then:
R(®P’,17)Y=QP)

s - ——— 2 - T A o S e - e -

(2) 0 <R(,1) < 1/E(®,D)
() 1 <R(P,17) < L/E(P,1%)
() 1<RP, 1) <1/E(®",1")<P

(a) For any arbitrary parallel and serial conputations, there
is no restriction on the sizes, (1) and QQP). Allwecan say is
R(P,1)is positive, since both O(1) and Q(P) are positive integers.
For theupper bound, we have:

R(P,1) = QP) < P.T(P = |

0(l) 0(1) E(P, 1)
Unfortunately, since E(P,1) > 0, fromtheorem 42we cannot
gi ve an upper bound for R(P,1) fromthis reciprocal of the
efficiency.

(b) For an arbitrary parallel conputation and an equival ent

m ni mum si ze serial conmputation, we get a better |ower bound:
R(P,17) =QP) >1. sice QP) > O
0

min

mn

(c) For a minimmsize minimax-parallel conputation, we have

the sanme | ower bound as in (b). In addition, we now have the
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followi ng upper bound:
R(P’,17) = O(P") < P'.T ., < 1 <P,

We note that the redundancy has a |ower bound of one iff we
conpare the conputation size Q(P) with the mninumsize O ., . The
redundancy may be less than one if we conpare Q(P) with any
arbitrary equivalent serial conputation size, Q1).

One of the nain significances of the redundancy nmeasure is
that it relates the performance neasures (PI,U) of section 3 With
t he performance nmeasures (S,E) of section 4. In theorems 4.1 and
4.2, we saw that (S,E) < (PI,U). We now show that they are related
exactly via the reciprocal of the Redundancy.

Theorem 5. 2:

The Spcedup and Efficiency (S,E) are equal to the Parallelism
Index and Wilization (PI,U) respectively, divided by the
Redundancy.
(S,E) = (P1,U)

L
R

S(p,1) = (1) = QP =1 . PI(P)
T(P) R(P,1).T(P) R(P,1)
Clearly, the same relationships hold if we replace 1 by I’

and/or P by P .
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In the follow ng, we assume consistent values for 1 and P

are used throughout:

E=S =1.P =1.10

o e B s B s 4 e e - e e T o

Theorem 5.2 is very useful since we can estimte the Speedup
min’ whi ch may be
quite hard to determine. This is because experinmental results have

and Efficiency wthout knowing the mninum size 0

shown that in about eighty percent[KUC78) of the parallel

conmput ati ons examined, the Redundancy lies within a narrow range of

1 <R(P) < 3. Hence, fromthe TOP-form of a parallel conputation,

we can calculate Pl and U, and estimate S and E as fol | ows:
(PI,U)/3 < (S,E) < (PI,U)

The reader may feel that a redundancy of 3, or two hundred
percent nore operations, is actually quite large. But, considering
that redundancies on the order of 10‘l [KUC78] have been found for
sone minimum-time M ni max-parallel conputations, a range of 1 <R <3

is relatively small.
Alternately, if the expected value of the Redundancy is known,

say it is 2, then we can estimate S and E as foll ows:
(S,E) = (PL,U) / 2

Anot her significance of the redundancy measure was given by
Saneh in [SAM77): "The larger the redundancy of a parallel
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algorithm the larger the probability that the parallel algorithmis
not as nunerically stable as its sequential counterpart." Hence, it
is not just aesthetically desirable to nininize the total number of
operations perforned to solve a given problem but thisis also

i mportant to maxim ze the speedup and efficiency, and to preserve

nunerical stability.
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The Speedup, Efficiency and Redundancy give us three different
aspects of the performance of a parallel conputation with respect to
an equivalent serial conputation. Ideally, we would like to
maxi m ze the Speedup to obtain the greatest. speed inprovenent,
maxi m ze the Efficiency to obtain the nost cost-effective
conputation, and mnimze the Redundancy to reduce the total nunber
of operations that nmust be executed to solve the given probl em and
to avoid numerical instability. It would be useful to have a single
performance measure that incorporates the effects of speedup,
eff iciency and redundancy. This would be a measure of the “quality”
of a conputation, which is directly proportional to its Speedup and
Efficiency, and inversely proportional to its Redundancy.

Definition 6.1:

The Quality, 0, of any parallel computation with respect to
any serial computation is defined as:
Q(P,1) = S(P,1).E(P, 1) = o(1)3 =1(1)%.0(1)

R(P, 1) T(®)?.c(®).P  T(»)2.0(P).P

If the serial conputation is an equivalent mninumsize serial
conputation, then:
0,17y = S(P,1").E(P,1"Y = (O

R(P, 17 T(®)2.0(p).P
In addition? if the parallel conputation is a mininumtinme
minimax-paral lel conputation. then:

Q(P",1') = S(P",1).E(P",1°) = (0 . )"

2 . h s s e P i e T o -
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We note that the units for quality nmay be regarded as "g-units

per processor", since

Q = 12,0 = steps 2 operations = Q-units/processor
72.0.P st epsz. operati ons. processors.
Theorem 6. 1:
(a) ¢ < Q(p,1)
(b) 0 <Q(,17) P,1°) < PT(p)<P

< s
(c) 1/(P*2) < 0P, 1) <S(P",17) <Pl (P) <P

I

The proof may be obtained by substituting the values of S,E
and R fromtheorems 4.1,4.2 and 5.1 respectively.

We include the definition of quality for arbitrary parallel
and serial conputations for the sake of conpleteness. 7Tn fact, we
feel that in order for Qto be a neaningful neasure of the quality
of a parallel conputation, it should be defined with respect to the

m ni mum serial size, Q When the quality is so defined, it is

always | ess than or eqlT;In to the correspondi ng speedup nMeasure, as
can be seen fromparts (b) and (c¢c) of theorem 6. 1.
W notice that the numerator of Q(P,17)is (Om].n)3, whi ch
is "fixed" as far as the parallel conputation is concerned. Hence,
we may increase Q(P,1°) only by decreasing each conponent of the
denomi nator, which is T(P)2.0(P).P. This is equi val ent to
decreasing each conponent of the TOP-form of the parallel
conput ati on. Since there are two factors of the parallel
execution-tine, T(P), decreasing this is nore inportant than
decreasing the size, Q(P), or the maxi mum degree of parallelism P.
This is reasonable since T(P) is the only component of the TOP-form

39



QUALI TY

that is directly related to the speed inprovenent obtained by the
parall el conputation. The primary purpose for going fromserial
execution to parallel execution is to increase the speed of
execution. whichk is the sane as decreasing the parallel execution
time. Reducing the nunber of processors, P, required for execution
and reducing the size. QP), are only of secondary inportance. In
other words, increasing the speedup i s our primary goal, after which

we try to increase the efficiency and reduce the redundancy.

Theorem 6.1 (parts (b) and (c)) also indicates that we lLave
four successively refined nmeasures of the perfornmance inprovement of
a parallel conputation with respect to an equival ent mninmmsize

serial conputation.

First, we have the maximum processor bandw dth, or maximum
speed, of P operations per step. This is the maxi mum degree of
parallelismin the conputation, and also indicates the maxinmm
nunber of parallel processors required to execute the parallel

conput ati on.

Then, we consider the average actual processor bandwi dth or
average actual . speed of the conputation. This is the average degree
of parallelismper step, called the Parallelism Index, PI(P), of the

paral | el conputation.

Third, we realise that parallel conputations often perform
nore operations than the equival ent m ni numsize serial conputation,
in order to increase the speed of execution. Taking this redundancy
into account, we find the average effective processor bandwi dth, or
the average effective speed, of the conputation. This is the
Speedup, S(P,17), nmeasure, defined with respect to the mnimm

serial size, Omin'
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Finally, in an attenpt to define a single perfornmance neasure
that takes into account mainly the speed inprovenent, but also the
efficiency (or cost-effectiveness) and redundancy of parallel
processing over serial processing, we defined the Quality, 0(P,17),

measure.

The maxi mum and average degrees of parallelism P and P1, are
characteristics of the parallel computation itself, and do not
depend on its serial equivalent. The speedup and quality do depend
on the equivalent mninum serial size, but they may still be used to
conpare any two conputations, not just equivalent ones. This is
possible because each conputation will have been "normalised" With
respect to its equivalent mninmmsize conmputation, which has a

speedup and quality of one.

Now, suppose we did not know the equivalent minimum serial

size, O can we still say something about the quality of a

mn'
parallel conputation? Cearly we can do this by ignoring the
redundancy, if any, and defining the quality in terns of the

parallelism index and utilization, which are analogous to the

speedup and efficiency, respectively.

Definition 6.2
____V____VV_____

The maximum quality, QP), of a parallel conputation is
defined as
0(P) = PI(P).U(P)

Theorem 6. 2
__a _________

(i) I/P<QP) <P
(i) QP,17) < qP)
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(i) From theorem 3.1, 1 < PI(P) <P and 1/P <P <1, so
/P < QP) <P
(ii) Q(P,17) = S(P,1°).E(P,1°) < PI(P).U(P) = QP)

Cearly, the sane result holds when P=P”.
B

Perhaps one of the nain significances of the quality,
Q(P",1’). neasure is that it gives us a basis upon which we can
decide whether a conputation will benifit from parallel processing
rather than serial processing. The quality of an optimal serial
conputation is one. W suggest, for exanple, that if the quality of
an equivalent parallel conputation is greater than one, than
parallel processing is preferable to serial processing, since the
quality of the conputation is increased. It is interesting to note
that about half the prograns examined in [KUC7£) have a quality less
than one. Hence. vparallel processing is preferable for half of the
355 prograns examined, and serial processing produces the higher
quality conputation for the other half

In practice. a conputation center may choose a higher value of
Q as the cutoff point for executing a given problemas a parallel
conputation rather than a serial one. For exanple, it may require a
Quality of at least 1.5, or at least 50 percent increase i-n quality,

before it considers that parallel processing is indicated

We have seen in section 5 that increased redundancy is often
correlated with nunerical instability. Itis clear that no matter
how much we speed up a conputation, this is futile if the required
degree of accuracy in the results is lost. Even if accuracy were
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not jeopardised, it seenms that there nust be sone cutoff function
involving at |east the speedup and the redundancy, which determ nes
when the increased redundancy does not iustify the increased
speedup. For example, it seems unjustified to use a parallel
conput ati on thatachi eves a speedup of three at the cost of a
redundancy of one hundred. One possible cutoff function is that the
parallel computation is not justified if the redundancy is greater
than the speedup. W suggest another possible cutoff function based
on the quality nmeasure, i.e., a parallel conputation is "justified"
if its quality, Q satisfies Q> 1, or S.E/R > 1. This neans that
if, the redundancy is greater than or equal to the product of the
speedup and the efficiency then the parallel conputation is not
justified.

O course the question of whether parallel processing is
"justified" for any given computation is highly dependent on the
goals of the application concerned. |In some applications, the
reduction of execution-time is the only, often critical, goal, so
that parallel processing is "justified" as long as the speedup,
S(P“,1'") is greater than one, no matter what the values of the
redundancy, efficiency or quality. But in general, if we have to
choose just one measure, then the quality is probably a better
i ndi cator of the overall perfornmance inprovenent obtainable by
paral |l el processing over serial processing, than just the speedup
al one.
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7. GENERALISATION TO A SET OF PARALLEL COMPUTATIONS

All the canonical forns and performance neasures defined in
sections 2 through 6, have been defined for a single parallel
conputation. In practice however, we are often nore interested in
the overall performance improvement for a representative set of
conputations, than just the performance inprovenent for any single
conputation. W are still interested in the same types of
per f or mance neasures of PI,U,S,E,R and 0. Hence, in this section,
we show how we nay generalise the definitions to apply to a set of

conputations rather than to a single one.

First, we notice that all the perfornance neasures P1,U,S,E,R
and Q depend on know edge of the TOP-form of a parallel. conputation
Sone, like S,E,R and Q also require know edge of the size, f?(1) or

0mi.n’
knowi ng the TOP-form of an equival ent serial conputation. Hence

of an equival ent serial conmputation. This is equivalent to

all we need to do is to define the TOP-form for a set of
conmputations, rather than for a single conputation. W call this an
aggregate TOP-form  Then, all the definitions for the performance
measures, PI,U,S,E,R and Q willhold with respect to this aggregate
TOP-form

Definitiqn 7.1:

The aggregate TOP-form of a set of n conmputations is defined
as:
TOPA(n) = (TMean qmean pmax,
where TM™2M js the average execution-time per conputation
in steps
oMe€eN s the average size per conputation, in operations
and PM@X s the maxi mum degree of parallelism in all the

conput ati ons.
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Ve feel that P™* should be used rather than P™2%  gince
this is the maxi mum nunber of processors required to execute the
conputation/s with this l[argest maxi num degree of parallelism
each conmputation i s optimised so that it is a mninmm-tine
m ni max-paral l el conputation, then P =P, the minimax degree of
paral lelism for each conputation. Then, it is reasonable to define
the aggregate TOP-formin ternms of P™®X rather than P™2% sjnce
if we execute the set of conputations using p < P™* paralilel
processors, we would not obtain the maxi mum possible speed
i mprovenent, for each conputation

In the case of the aggregate execution-tinme and size, TM®2n
and 0™?™ if each of the conputations in the set is executed with
equal frequency, then we could just aswelluse TSU™ and 0SUY™,
since none of the performance neasures, PpI,u,S,E,R and O, will be

changed.

Definition 7.2

Let (r;,r,,...,r ) be the probability that conputations
Aps Ayy o v A, Will be executed next.  Then, if
rp=ry=. . . =r.,
we can define the aggregate TOP-form of this set of n
conputations as:
"TOPa(n)” - (Tsum’ Osum, Pmax),
where TSYT js the sumof the execution-tinmes of all the
conputations, in steps,
05U™ s the sum of the sizes of all the conputations,
in operations,
and P™* js the maxinmum degree of parallelismin all the

conput ati ons.
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Theorem 7. 1

1f the frequency of execution of each conputation in a set of
n conputations is the same, then each of the performance neasures,
Pl, U S E,Rand Qhas the same value whether it is defined with
respect to the aggregate TOP-form TOP?(n), or to the alternate
aggregate TOP-form "TOP?(n)".

It is only necessary to show true for Pl and R since S can be
defined in terms of PI and R U and E can be defined in terns of PT.
and S respectively, and Q can then be defined in terns of S,E and R

Let the performance neasures defined with respect to the
alternate aggregate TQP-form "TOP?", he enclosed within "quote"

marks.  Then,
npr (PMAXyn — SUM _ gSUm _ _ gmean _ py (pMax,
psum  "oSUM  gmean
"R (PMAX ] )1 = pSUM = 0SUM - gmean  _ p(pWmaxX

We have introduced the aggregate TOP-formdefined in terms of
the suns of the execution-times and sizes because this is often
easier to understand and conpute in practice. For exanmple, the
aggregat e speedup, S2(P,1), is then the total tine taken by al!
the conputations executed serially divided by the total time taken
by all the conputations executed in parallel. Rut, because of
theorem 7.1, we feel. that thedefinition of the aggregate TOP-form
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in ternms of the neans of the execution-tines and sizes, as in
Definition 7.1, is nore powerful than that in terns of the sums, as
in Definition 7.2. The former can describe the aggregate TOP-form
of a set of conputations, even when each conputation does not have
the sane frequency of execution. The latter is only valid in the
case of equally frequent computations, where it prcduces the same
val ue for each of the performance neasures, PI, U S E, Rand Q, as

the forner.

W& now exanmine the possible ranges of each conponent of the
aggregate TOP-form defined with respect to means.
Theorem 7.2

Assunmi ng that each conputation in the set of conputations is
consistent with Theorem 2.1, then the aggregate TOP-form
TO:)" = (Tmean, Omean’ Prnax) - (t,O,p)

satisfies the followi ng relationships:

(i) ofp < U< o
(i) t < o< p-t
(iii)  oft < p

Pr oof :

(i) Let {ry,ry,...,r > be the probability distribution
of the frequency of execution of the n conputations in the set.
Then,

(s
I

= r,.ty tro.t,+. . . tr ot
r1ety T ety "n*tn

E ri. Oi

LS DI

p I<_i<n?*?

| v

fv

o/p
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t51<§ nri(oi—pi+l)
= 2: r;.o; - 2: r..p; +1
l<i<n * % < i< n P4

= o - pmean + 1

< o
(ii) and (iii) follow directly from(i).

W see that the broader ranges given in the above theorem for

aggregate TOP-forms include the ranges giver in Theorem2. | for
i ndividual TOP-forms. Also, by examining the proofs of Theorens
2,1, 4. 1lend b5 |, we see that the ranges of the aggregate
performance measures, P12, 12 s? g2 p® and 0? are the
same as the ranges of the performance measures, PI, U S, E R and
0, for a single conputation, when the values of the aggregate
TOP-form and equival ent aggregate serial size 0(1) are used.

We note that the overall perfornmance neasures, PI",
v2, s, g2, ®? and 02, defined with respect to the
aggregate TOP-form TOP?(n), are quite different from just the
averages of the performance neasures for each conmputation. This

is because, in general,

a _ Amean _
S S W S SR W
TnEan r!.T1-+r2:T2 + . . .+ rn.Tn
= rl‘?l 4-r2.Q2 +. ..+ rn.?u
T
-- Tl *2 Tn
= P

wher e (rl,rz,....rn) is the probability distribution
of the frequency of execution of the n conputations
in the set.

It seenms reasonable that the overall perfornmance should be

wei ghted not only by the relative frequencies of each computation in
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the set, but also by the magnitudes of the sizes and execution-tinmes
of each conputation. Surely the overall performance is nore
affected by a |l onger conmputation than by a shorter one. The
definition of an aggregate performance nmeasure with respect to the
aggregate TOP-form TCP?(n), takes this into account, unlike the
simple averages of the performance neasure for each conputation.

Let A and B be two parallel conputations with TOP-forns:
A: (100, 1000, 40)
B: ( 5, 200,100)
Suppose A and B are executed with equal frequency,
then PI, (40) = 1000 = 10
100
PIg(100) = 200 = 40
N 5
and PT = (10+40) / 2 = 25.
but p1? = 1200 = 11.43

-

105

Ve note that the aggregate measure. P12, gave nore weight to
the parallelismindex of A the lerger conputation, in ternms of both

the size C(P), and the execution-tine, T(P).

49



8. SUMMARY

In this paper, we have tried to find sinple and effective ways
to represent the parallelisminherent in conputations, which
facilitate the calculation of inportant performance characteristics.
We introduced. the canonical formcalled the Parall el ism Profile
whi ch substantially reduced the conplexity of modelling an arbitrary
parall el conputation. The Parallelism Profile retains only the
information on the frequency of different degrees of parallelismin
the conputation. The nobst succinct representation of a parallel
conputation, for the purposes of calculating performance measures
defined in this paper, is given by the TOP-form of the conputation.

W defined quantitative nmeasures which characterise the
absolute and rel ative perfornmance of a parallel computation,
conpared with an equivalent serial conmputation. The absolute
performance measures arethe ParallelismIndex, Pl (P), the
Uilization. U(P). and the maximum Quality, O(P). The corresponding
rel ative performance nmeasures are the Speedup, S (P, 1), the
Efficiency, E(P,1), and the Ouality, Q(P,1). We al so exanine the
range of permissible values for each performance neasure.

Ideally, we would I ike to conpare an optinmal. parallel
conputation with an optima! equival ent serial conputation, in order
to deternmine the performance improvements due sol ely to parall el
versus serial processing. Toward this end, we define an opti nal
serial conputation as a“mni numsize” conputation, where the size
or length of a conputation is the total nunber of operations
executed. W define an optimal parallel conputation to be a
“mnimumtine minimax-paral lel" conputation, or a conputation which
achieves the mnimm execution-time using the 1 east nunber of
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parall el processors. W also show how such optimality may be

approximated in practice

We discussed how the |ogical parallelism P, my be
interpreted as the maxi mum speed of the conputation, in operations
executed per step. Then, the Parallelism Index, PI(P), my be
interpreted as the average actual speed of the conputation, and the
speedup, S(P,1”), may be interpreted as the average effective speed
of the conputation. This is because PI(P) is the speed neasured
with respect to the actual number of operations executed in the
paral l el conputation, or the actual size of the parallel
conputation, whereas S(P,17) is the speed nmeasured with respect to
the mninum size of an equivelent optinmal. serial. conputation
Hence, the speedup neasure takes into account the redundant
operations in the parallel conputation, which were introduced in
order to reduce the parallel execution time. The Parallelism |Index
is an upper bound for the range of attainable values of the Speedup,
S(P,17), of any parallel. conputation when conpared to an optimal
equi val ent serial conputation. This is very useful since it is
often not possible to calculate S(P,1") exactly as this requires
finding the mninumsize, 0. . PI(P) my be calculated from
know edge of just the size and execution-time of the paralle

conputation itself.

Al though speed is the performance characteristic we are nost
interested in, a measure of the cost-effectiveness of executing a
conputation on a parallel processor organization is also inportant
in practice. W defined Utilization asthe proportion of the tota
processor-time space, P*I(P), actually used in executing operations
of the parallel conputation. The corresponding performnce neasure
relative to the minimm size of an equivalent serial conputation is
the Efficiency neasure, E(P,1). Again, if the serial conputation
chosen for conparison is an optimal one, then the Utilization, UP)
is an upper bound for the Efficiency, E(P,1%).
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[t is Inmportant to realise that if we neasure speedup, S(P,1),
and efficiency, E(P,1),with respect to a nonoptimal. serial
computation, then it is possible to haeaspeedup greater than P,
and an efficiency greater than one. |In these cases. the values do
not reflect the performance inprovenents due solely to parallel
versus serial. processing, since part of theinprovenents are due to
optimising the serial conputation itself.

W maintain that if the parallel conmputation is an optimal
one, then the equivalent serial computation chosen for execution
shoul d also be optinal. Thsnmeans that we are interested in
S(P",17) values but not in S(P",1) values, for reasons given in the
previous paragraph. However, we are interested in the case 5(p,1"),
where the serial. conputation is optiml but the paralle? conputation
is not. This is because we often have to use a nonoptinal parallel
conputation in practice, if the minimax logical parallelismP of
the conputation exceeds thatof the physical parallelism in termnms of
t he number of parallel processors available. the case of S(P,1),
whereboth serial and parallel conputati ons may he nonoptimal is
also studied in this paper, since these are the results usually
given in the literature [KUC73,KUC76,KUC7&,LEE76].

W showed that the absolute and relative speeds and
efficiencies arerelated by the appropriate redundancy
measur e:

(PI, U) =R . (S, FE)

Tdeally, we would like to maximze the speed of the parallel
conputation, maximize its efficiency and minimze its redundancy.
Ve defined the Quality, Q(P,1), of a parallel conputation to be the
product of the speedup and teefficiency divided by ther edundancy.

Assuming that the serial conputation used for conparison is optinal.
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then the quality, Q(P,1”) has an upper bound given by the speedup,
S(P,17). Since optimal serial conputations have speeds and
qualities of one, it is possible to have parallel conmputations with
speeds greater than that of the optimal equivalent serial
conputations but qualities less than the corresponding optimal

serial conputations. Hence, the quality measure is a nore stringent
measure of the overall performance inprovenent obtained by going
fromserial to parallel processing of any given conputation

Finally, we show how al.l1 the canonical forns and performance
measures may be generalised from one conputation to a set of
conputations, to obtain "aggregate" canonical forms and perfornmance
charaterizations. W show that the aggregate performance neasures
are different In value from the average performance mneasures,
al though both are useful characterizations of the performance
potential of a set of conputations.

We summarize the definitions and ranges of the perfornmance
measures under the catepories of speed, efficiency, redundancy and
quality, in Table 8.1.
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